Motivated by the enriched topologies from the newly discovered nano-scaled molecular clusters, custom carved-ellipsoid models are built and their scattering functions are explored. The scattering functions of these models are derived in ellipsoidal coordinates. The theoretical scattering curves of these models can be further obtained through numerical calculation. These models have been successfully applied to the fitting of experimental scattering curves of some socalled wheel-shaped metal oxide molecular clusters.
Introduction
Spurred by recent developments in nano-science, polymer science and supramolecular chemistry, theoretical scattering functions of basic geometric shapes with various symmetries, e.g. sphere, cylinder, ellipsoid, lamella and torus, have been derived in recent decades to help researchers understand the structures of nano-scaled entities in various states (Guiner et al., 1955; Pedersen, 1997; Feigin & Svergun, 1987; Nallet et al., 1993; Kawaguchi, 2001 ). These shapes have been serving as popular models in the analysis of experimental small-angle scattering (SAS) data and have been implemented in SAS data analysis software like SASfit and SasView (Breßler et al., 2015;  http://www.sasview.org/). With the aid of these well developed models, SAS has been broadly applied in chemical, biological and materials sciences to reveal microstructures and hierarchical structures of complex systems (Nyman, 2017; Yin, Wu, Mamontov et al., 2016; Hammouda, 2010; Zheng et al., 2017; Chu & Hsiao, 2001) . However, models with more complicated topologies and fine structural details are now urgently needed because of the increasing numbers of molecules, assemblies and aggregates of various morphologies across multiple length scales that are now being investigated (Liu et al., 2016; Mü ller et al., 1995; Mü ller, Krickemeyer et al., 1999; Mü ller, Shah et al., 1999; Mü ller, Das et al., 2000; Kortz, 2000; Liu et al., 2003; Li et al., 2016) . In particular, polyoxometalates (POMs), a group of nano-scaled well defined metal oxide molecular clusters from early transition metal ions, possess different shapes ranging from sphere, cylinder, core-shell, wheel and rod to lemon shaped (Mü ller et al., 2001 (Mü ller et al., , 1995 Mü ller & Kö gerler, 1999; Mü ller & Gouzerh, 2012; Cronin & Mü ller, 2012; Kortz, 2000; Mü ller, Das et al., 2000) . The sizes of POMs (1-6 nm) are in the intermediate range between small molecules and regular nanoparticles/colloids, and the fine structures at the POM surface could contribute to some features in their scattering curves. Therefore, rough shape models do not always give satisfactory fitting results for the scattering data of POMs ISSN 1600-5767 # 2019 International Union of Crystallography in solution. Moreover, some POM shapes are very distorted from the existing classical models and, thus, more realistic models are required to help analyse the scattering curves and further uncover the solution behaviour of POMs.
Molybdenum blue, a series of giant POM clusters prepared by reducing molybdate in aqueous medium, represents the aesthetic beauty of chemistry and the capability of manipulating matter at the atomic scale (Mü ller, Krickemeyer et al., 1999; Mü ller, Shah et al., 1999; Mü ller et al., 1995 Mü ller et al., , 1998 Mü ller et al., , 2002 . The cluster sizes can be up to 6 nm and their shapes resemble a sphere, wheel, donut or lemon (Mü ller, Krickemeyer et al., 1999; Mü ller, Shah et al., 1999; Mü ller et al., 1995 Mü ller et al., , 1998 Mü ller et al., , 2002 (Shishido & Ozeki, 2008; Mü ller et al., 1995; Cronin et al., 2002; Mü ller, Beugholt et al., 2000) . Attempts to probe the morphologies of these derivatives have failed because the fitting of the scattering curves of {Mo 154 } and its derivatives in aqueous solution with the developed torus models does not give satisfactory results (Kawaguchi, 2001) . Actually, from the cross-section view of {Mo 154 }, it can be observed that the torus model deviates from the actual {Mo 154 } structure enormously [Figs. 1(e) and 1( f)]. The cross section of the torus model is an elliptical ring, while the cross section of {Mo 154 } is crescent shaped, which is less than a half of an elliptical ring. To make this scenario more complicated, some derivatives of {Mo 154 }, e.g. {Mo 128 Eu 4 }, are not circular but elliptical [ Fig. 1(b) ] (Cronin et al., 2002) . The absence of {Mo 2 } ([Mo 2 O 11 ]) units or the presence of rare earth ions in derivatives of {Mo 154 } alters the curvatures of the points in the original circular ring of {Mo 154 }, resulting in the elliptical shape (Cronin et al., 2002) . For that reason, SAS studies of these materials will be difficult since we cannot locate appropriate models from our database of geometrical shapes to describe these lacunary POMs (Fig. 1) . Therefore, new models of custom carved ellipsoids and their typical scattering functions are reported here to facilitate SAS studies of structures like {Mo 154 } and its derivatives.
Scattering function of the custom carved ellipsoid
A custom carved ellipsoid is a hollow triaxial ellipsoid partially cut out by two elliptical cones on either side of the triaxial ellipsoid's symmetry plane (Fig. 2) . This model is defined by five parameters, which are the three axes of the ellipsoid a, b, c, the ratio of the core radius and outer radius r 0 , and the size of the cavity [Fig. 2(c) ]. The orientation of the scattering vector q is determined by two angles and , where is the angle between the scattering vector q and the Z axis of the ellipsoid and is the angle between the X axis and the projection of the scattering vector q onto the XY plane. The scattering amplitude of a specific orientation is generally given by
For the convenience of further derivation, ellipsoidal coordinates are built along the three axes of the model: 
where 2 0; 2 ½ , ' 2 ½0; . Then the Jacobian determinant is J j j ¼ @ðx; y; zÞ @ðr; ; 'Þ ¼ abcr 2 cos ':
Assuming the coordinates of a point in the model are (x, y, z), then the inner product of the corresponding scattering vector and position vector is
If the scattering length density in the model is homogeneous, that is ðrÞ ¼ 0 inside the model, then the scattering amplitude is
exp Àiq Àar cos cos ' sin cos ð ½ þ br sin cos ' sin sin þ cr sin ' cos Þ Â abcr 2 cos ' d d' dr
exp Àiq Àar cos cos ' sin cos ð ½ þ br sin cos ' sin sin þ cr sin ' cos Þ d ' Â r 2 cos ' d' dr:
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Denoting the integral in the braces of (5) as G 1 , we have
Let t ¼ À . Then
Applying Jacobi-Anger expansion on the formula above,
where J n are Bessel functions of the first kind. If we substitute (8) into (5), and let E ¼ ða 2 cos 2 þ b 2 sin 2 þ c 2 Þ 1=2 , sin ¼ ða 2 cos 2 þ b 2 sin 2 Þ 1=2 =E, cos ¼ c=E, H 1 ¼ Eqr Â sin sin and H 2 ¼ Eqr cos cos , the scattering amplitude is
If we denote the integral in the square brackets as G 2 , then G 2 can be simplified as
Substituting (10) into (9), the scattering amplitude is
Assuming the particle orientations obey a distribution function Nð; Þ, the scattering intensity should be averaged over all possible orientations. Then the scattering intensity is
In solution samples, the particles do not have a preferred orientation. So, the orientation distribution function Nð; Þ should be a constant N 0 . Then the scattering intensity can be simplified as
where I e is the scattering intensity of a single electron. Although there are still four integrals to calculate in (13), numerical integration can be conducted on a personal computer. To expedite the calculation, a program with parallel computing was developed to make full use of the capability of a multi-core computer, which shortens the computing time enormously. By applying different parameters (a, b, c, r 0 , ), more than 100 theoretical scattering curves were simulated using this model.
To test the feasibility of the developed new models, SAS data for typical lacunary molybdenum blue solutions have been collected for model fitting. Owing to the possible disturbance of the structure factor resulting from inter-POM interactions in experimental solutions, the experimental scattering curves always show tiny deviations from the ideal curves. The contribution of the structure factor could be complicated because of the anisotropic shape and charge distributions of POMs. The issue could be resolved by carefully diluting sample solutions and introducing appropriate amounts of extra salts. Moreover, the background contributes significantly in the high-q region because of the low scattering intensity of the targeted species and low signal/ noise ratio in that range. On the other hand, the overall sizes of giant POMs are from 2 to 6 nm, and therefore the surface roughness from Mo-O bonds and electron density heterogeneity between Mo and O atoms are not negligible and could also lead to the mismatch of the theoretical curves from our models and the experimental data. Nevertheless, the positions of characteristic oscillation peaks are less influenced by polydispersity. Therefore, in the fitting process, we focused on the matching of three characteristic oscillation peaks instead of the whole curve. The best fitting result that we could obtain with the previously developed torus model has a torus radius of 13.5 Å and a cross-section radius of 3 Å . However, a major issue with this model is the difficulty in matching the three characteristic oscillation peaks, leading to an unsatisfactory fitting result (Fig. 3) . This confirms the fact that the lacunary molybdenum blue clusters are different from the torus shapes in solution.
To validate the credibility of our model, the theoretical curves of carved ellipsoids have been generated by varying the values of b and compared with experimental data. It can be clearly observed that the model with a = 17.5 Å and b = 14 Å gives a better fit to the experimental data than the circular model (a = b = 17.5 Å ), confirming the advantages of ellipsoid models (Fig. 4) . To further test the feasibility of our models, a computer-aided search program was run to locate the best fitting parameters. Owing to the limitation of computing power, we fixed three parameters a = 17.5 Å , c = 9.0 Å and = 0.66 based on the original shape features of {Mo 154 } and the remaining two parameters b and r 0 were fitted by matching the oscillation peaks in the experimental data (see supporting information). As a result, the theoretical curves of the developed custom carved-ellipsoid model give a better match with the experimental solution scattering curves of molybdenum blue clusters and provide a reasonable shape model for particles in solution samples, with parameters a = 17.5 Å , b = 14 Å , c = 9.0 Å , = 0.66, r 0 = 0.76 (Fig. 3) . Two more fitting examples are shown in the supporting information. One is {Mo 128 Eu 4 }, an {Mo 154 } derivative with an elliptical ring shape, and the other is a polyoxotungstate, {P 8 W 48 }.
Conclusions
The scattering functions for custom carved ellipsoids were obtained in ellipsoidal coordinates and a parallel computing program was developed to generate the theoretical scattering curves. Our models are critical in studying the structures of molecular cluster species, especially POMs, which require very detailed and distinct models to describe their shapes. These models have been proved to be useful in studying POMs, especially molybdenum blue clusters. As research on monodispersed nano-scaled molecules and assemblies attracts more and more interest, we believe that these models will be extensively applied in studies of nano-materials and in supramolecular chemistry.
Figure 3
Fitting results of custom carved-ellipsoid model (blue) and torus model (green), with experimental solution scattering curves of molybdenum blue clusters (red).
Figure 4
Fitting results of experimental curve (black) with a = 17.5 Å , c = 9 Å , r 0 = 0.76, = 0.66 fixed and varying b from 12 to 17.5 Å (rainbow colour scale).
